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SPECTRA OF LINEAR FRACTIONAL COMPOSITION
OPERATORS ON H2(BN)
LIANGYING JIANG∗ ZHIHUA CHEN†
ABSTRACT. We characterize the spectra of composition operators on the
Hardy space H2(BN ), when the symbols are elliptic or hyperbolic linear frac-
tional self-maps of BN . Therefore, combining with the result obtained by Ba-
yart [4], the spectra of all linear fractional composition operators on H2(BN )
are completely determined.
1 Introduction
Let BN denote the unit ball of C
N , and let ϕ : BN → BN be an analytic map. In this
paper, we consider the composition operator Cϕ defined by Cϕ(f) = f ◦ϕ, acting on
the classical Hardy space H2(BN ). For N > 1, some authors gave the examples of
unbounded composition operators on H2(BN ) (see Section 3.5 of [11]), which exhibit
surprisingly different behaviors with the case of one complex variable. So many
properties of composition operators in several variables are not easily managed.
However, if the symbol ϕ is a linear fractional self-map of BN , that is,
ϕ(z) =
Az +B
< z, C > +d
for an N×N matrix A = (ajk), two column vectors B = (bj), C = (cj) of N×1 and
d ∈ C, such that ϕ maps the unit ball BN into itself, applying Wogen’s criterion [29],
Cowen and MacCluer [12] proved that Cϕ is bounded on H
2(BN ). In recent years,
linear fractional maps of the ball and their composition operators on some analytic
function spaces have been developed from various aspects, for example, geometric
properties [5] and classification of semigroups [6] for linear fractional maps; cyclic
behavior (see [2], [4], [20]) and essential normality (see [21], [27], [33]) of their
composition operators. Similar to the case of the unit disk D, linear fractional
self-maps of BN give rich examples to exhibit the complexity of properties of the
associated composition operators. Moreover, motivated by the fact that the linear
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fractional model in D provides a useful tool to deal with composition operators
induced by general maps, some authors began to study a linear fractional model for
general maps of the unit ball, see [3] and [9].
In this paper, we are interested in the spectra of linear fractional composition
operators on H2(BN), this is a continuation of [4]. As a part of operator theory, the
structures of spectra of composition operators are very important. Several authors
have used this tool to investigate the cyclicity of composition operators (see [4],
[14]). In the unit disk, the spectra of invertible and compact composition opera-
tors on H2(D) have been described completely, while understanding the spectra of
general composition operators is not easy. When ϕ is a linear fractional self-map
of D, the spectrum of Cϕ on H
2(D) (see [8]) is well known. Recently, Higdon [15]
completely gave the spectrum of Cϕ on the Dirichlet space D. Moreover, Hurst [16]
obtained some results for the spectrum of Cϕ on some weighted Hardy spaces. These
results not only show the diversity of spectra of composition operators, and much of
the spectral information depends on the behavior of ϕ near the Denjoy-Wollf point.
From the table of [8], one has the following results.
Theorem A. Suppose that ϕ is a linear fractional self-map of D, not automor-
phism. The spectrum of Cϕ on H
2(D) can be described as follows:
(i) If ϕ has an interior fixed point a, there exists two cases. When ϕ fixes a
boundary point τ , then
σ(Cϕ) = {λ : |λ| ≤ ϕ′(τ)−1/2} ∪ {1}.
Otherwise, Cnϕ is compact for some positive integer n and
σ(Cϕ) = {ϕ′(a)k : k = 0, 1, . . .} ∪ {0}.
(ii) If ϕ is parabolic, by the Cayley transformation, ϕ is conjugated to a map
ψ(z) = z + t on the upper-half plane, then
σ(Cϕ) = {eβt : β ≤ 0} ∪ {0}.
(iii) If ϕ is hyperbolic with the Denjoy-Wollf point τ ∈ ∂D, then
σ(Cϕ) = {λ : |λ| ≤ ϕ′(τ)−1/2}.
In the unit ball, only the spectra of automorphism-induced composition operators
and compact operators have been determined (see Chapter 7 in [11]). For other
cases, less results have been obtained, even for the symbols being linear fractional
self-maps of BN . Recently, Jury [22] has computed the spectral radii of linear
fractional composition operators on H2(BN ), soon later, the spectra of composition
operators were characterized by Bayart [4] when their symbols are parabolic linear
fractional maps of BN . In order to illustrate these results, we recall some definitions
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for the Denjoy-Wollf points and the classification of linear fractional maps of BN .
In this paper, we denote by LFM(BN) the set of linear fractional maps of BN .
The Denjoy-Wollf Theorem of the unit ball is the following (see [25]).
Theorem B. Let ϕ ∈ LFM(BN) with no fixed points in BN . There exists a
unique point τ ∈ ∂BN such that ϕ(τ) = τ and < dϕτ (τ), τ >= α with 0 < α ≤ 1.
The point τ is called the Denjoy-Wollf point of ϕ and α is the boundary dila-
tion coefficient. In particular, we call such a map hyperbolic when α ∈ (0, 1) and
parabolic when α = 1. Otherwise, if ϕ has a fixed point in BN , then we call it
elliptic.
Now, we have the following result for spectral radii of linear fractional composi-
tion operators on H2(BN) (see [22]).
Theorem C. Let ϕ ∈ LFM(BN ). The spectral radius of Cϕ acting on H2(BN) is
1 if ϕ is elliptic; if ϕ is non-elliptic with the boundary dilation coefficient α, then
the spectral radius is α−N/2.
For a parabolic linear fractional self-map ϕ of BN , considering its conjugating
map ψ on the Siegel half-plane HN , Bayart [4] obtained a normal form of ψ and
gave a classification for this normal form. Based on this classification, he completely
computed the spectrum of Cϕ on H
2(BN).
In this paper, we continue to investigate the spectra of linear fractional compo-
sition operators on H2(BN) induced by the remaining maps, and we organize it as
follows. In Section 2, we first look for a classification for elliptic linear fractional
self-maps of BN , the idea comes from the classification of elliptic semigroups (see [6])
and the geometric classification according to their fixed point sets (see [5]). Differ-
ent to the case of the disk, elliptic linear fractional maps of BN contain three cases.
Therefore, we will prove that the spectra of the associated composition operators
have three different structures. For a general map ϕ, univalent, not automorphism,
which fixes a point in D or BN , the spectrum of Cϕ on many function spaces has
been studied (see [10], [24], [26], [31], [32]). It is easy to see that the proofs of these
results follow the same pattern. We shall use an analogue approach to deal with the
spectrum of Cϕ on H
2(BN), when the symbol ϕ is an elliptic linear fractional map
with only one boundary fixed point.
In Section 3, we devote to hyperbolic linear fractional self-maps ϕ of BN . It is
well known that ϕ has only one or two fixed points on the boundary ∂BN (see [5]).
First, we will obtain a simple form for each conjugation map ψ of ϕ on the Siegel-
half plane HN . Applying these forms, we can completely determine the spectra of
hyperbolic composition operators on H2(BN ). In particular, when ϕ fixes only one
boundary point, the spectrum of Cϕ has a similar structure with the corresponding
case in the disk, which has been proved in the first author’s doctoral thesis [19]. For
the case ϕ fixing two boundary points, Xu and Deng [30] recently used the method
of Bayart [4] to obtain the spectrum of Cϕ on H
2(BN ). Thus, the spectra of all
linear fractional composition operators on H2(BN) are completely characterized.
3
2 Spectra of elliptic composition operators
In this section, we deal with elliptic linear fractional self-maps of BN and the spectra
of the associated composition operators. First, we need a classification for these
maps.
Recall that a slice S is a non-empty subset of BN of the form S = BN ∩V , where
V is a one-dimensional affine subspace of CN . A p-dimensional slice of BN is the
non-empty intersection between BN and a p-dimensional affine subspace of C
N with
p ≥ 0. By Herve´’s theorem (see [1] or [28]), if ϕ ∈ LFM(BN) has a non-empty fixed
points set in BN then such a set is a p-dimensional slice of BN .
In [5], Bisi and Bracci gave a geometric classification for linear fractional self-
maps of BN based on their fixed point sets. In this classification, elliptic linear
fractional maps contain three cases. For elliptic semigroup of linear fractional self-
maps of BN , Bracci et al [6] also classified this semigroup into three different cases.
Surprisedly, we find that there is a close connection between two classifications and
obtain the following result. Let
LU(ϕ, z0) =
⊕
|α|=1
ker(dϕz0 − αI)N
for ϕ ∈ Hol(BN , BN) with a fixed point z0 ∈ BN , which is called the unitary space
of ϕ at the point z0, the dimension of it is called the unitary index of ϕ (see [6]).
Theorem 2.1. Let ϕ ∈ LFM(BN) be elliptic with a fixed point z0 ∈ BN and
let p = dim LU (ϕ, z0).
(1) If p > 0, then ϕ is conjugated to a map ψ with
ψ(z′, z′′) = (Uz′, Az′′), (z′, z′′) ∈ Cp × CN−p ∩ BN ,
where U is a unitary diagonal matrix of Cp×p and A is a matrix of order N −p with
||A|| < 1.
(2) If p = 0, ϕ will fix at most one boundary point. In this case:
(i) When ϕ has no boundary fixed point, then ϕ is conjugated to a map of the
form
ψ(w) = Aw
defined on a complex ellipsoid
△1 = {w = (w1, w′) ∈ C× CN−1 : 1
r2
|w1 −
√
r2 − 1|2 + |w′|2 < r2}
for some r ≥ 1, where A is a matrix of CN×N with ||A|| < 1.
(ii) When ϕ has only one boundary fixed point, then ϕ is conjugated to
ψ(w) = Aw
on a half-plane
△2 = {w = (w1, w′) ∈ C× CN−1 : Re 2w1 > |w′|2 − 1},
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where A is a matrix of order N with ||A|| < 1.
Proof. We will use a similar argument as that of Theorem 3.2 and Corollary
3.3 in [6] to obtain these results. Especially, the proof of (1) can be seen in [6] or
Proposition 3.8 of [19]. Here, we only give a proof for (2).
If p = 0, it is clear that ϕ fixes only one interior point z0. Up to conjugation with
automorphisms of BN , we may assume that z0 = 0. We claim that ϕ fixes at most
one boundary point. Otherwise, if ϕ fixes two points on ∂BN , by Theorem 3.2 of
[5], ϕ is conjugated to a map which has a hyperbolic automorphism (not identity) at
first coordinate. Thus, ϕ has no fixed point in BN , which contradicts with ϕ(0) = 0.
When ϕ has more than two boundary fixed points, similar to the argument in the
proof of Theorem 3.1 in [5], ϕ will fix a q-dimensional slice of BN with q ≥ 1. This
means that the unitary index p of ϕ must be larger than q, contradicting to the
hypothesis p = 0. So that the claim is true.
Now, ϕ(0) = 0 gives
ϕ(z) =
Az
< z, C > +1
for some A ∈ CN×N and C ∈ CN . Since ϕ maps BN into BN , we have |C| < 1. A
computation shows that dϕ0 = A. Thus p = 0 implies ||A|| < 1, that is, A∗ − I
is invertible. Immediately, there exists a vector V ∈ CN such that (A∗ − I)V = C
and δ := |V | ≤ 1. Conjugating ϕ by a unitary map U with U∗V = δe1, where
e1 = (1, 0, . . . , 0) ∈ ∂BN , we obtain
ϕ˜(z) =
A1z
δ < z, (A∗1 − I)e1 > +1
with A1 = U
∗AU and ||A1|| < 1. Define
σ(z) =
z
−δz1 + 1 , z = (z1, z
′) ∈ C× CN−1 ∩ BN ,
it is an one-to-one holomorphic linear fractional map from BN onto Ω := σ(BN).
Consequently, we deduce that
σ ◦ ϕ˜(z) = A1σ(z), z ∈ BN ,
and
Ω = {w = (w1, w′) ∈ C× CN−1 : |1 + δw1|2 > |w′|2}.
If ϕ fixes no boundary point, then δ < 1. Otherwise, δ = 1 implies that
ϕ˜(z) =
A1z
< z, (A∗1 − I)e1 > +1
has a boundary fixed point e1. So ϕ also fixes a boundary point, which is a contra-
diction. If we set r = (1− δ2)−1/2, then r ≥ 1 and
Ω = △1 = {(w1, w′) ∈ C× CN−1 : 1
r2
|w1 −
√
r2 − 1|2 + |w′|2 < r2}.
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If ϕ fixes only one boundary point, then ϕ˜ also has only one fixed point τ ∈ ∂BN .
It follows that
A1σ(τ) = σ ◦ ϕ˜(τ) = σ(τ),
that is, σ(τ) is a fixed point of the matrix A1. since ||A1|| < 1, we see that σ(τ) = 0
or σ(τ) = ∞. However, σ is an one-to-one map from BN onto Ω and σ(0) = 0.
This implies σ(τ) = ∞. Thus, we have −δτ1 + 1 = 0 and δ = 1τ1 ≥ 1, where τ1
denotes the first coordinate of τ . Which combining with δ ≤ 1 yields δ = 1. Hence,
a calculation shows that
Ω = △2 = {(w1, w′) ∈ C× CN−1 : Re 2w1 > |w′|2 − 1},
which is a domain similar to the Siegel half-plane. 
Next, we will apply this classification to compute the spectrum of Cϕ onH
2(BN),
when the symbol ϕ is a elliptic linear fractional self-map of BN . In the first case
of Theorem 2.1, ϕ is conjugated to a map ψ(z′, z′′) = (Uz′, Az′′). Let Λϕ =
{λ1, . . . , λN} be the union of the spectrum of U and A, and write Λαϕ for λα11 · · ·λαNN ,
where α is a multi-index of NN . In this case, we have the following result for the
spectrum of Cϕ, the proof is inspired by that of [4] in computing the spectra of
parabolic composition operators on H2(BN ).
Theorem 2.2. Let ϕ ∈ LFM(BN) be elliptic, non-automorphism, and let p =
dim LU (ϕ, z0) for its fixed point z0 ∈ BN . When p > 0, the spectrum of Cϕ on
H2(BN) is
(i) a union of circles if U has an irrational unimodular eigenvalue:
σ(Cϕ) =
⋃
α∈NN
ΛαϕT ∪ {0};
(ii) σ(Cϕ) =
⋃
α∈NN
Λαϕ ∪ {0} if all eigenvalues of U are rational.
Proof. By Theorem 2.1, we see that ϕ is conjugated to a map with the form
ψ(z, w) = (Uz,Aw), (z, w) ∈ Cp × CN−p ∩ BN ,
where U = diag(eiθ1, . . . , eiθp) and ||A|| < 1. Up to conjugation by a unitary map,
we may assume that A is upper-triangular with the diagonal entries λ1, . . . , λN−p,
which obviously are the eigenvalues of A. Next, we will determine the spectrum of
Cψ.
For each i ∈ {1, . . . , N − p}, let w(i) = (wi,1, . . . , wi,N−p)⊤ be a non-zero eigen-
vector of A⊤ associated to λi, i.e. A⊤w(i) = λiw(i). Write w = (w1, . . . , wN−p), we
consider the function
F (z, w) = zβ [ww(1)]γ1 · · · [ww(N − p)]γN−p , (z, w) ∈ Cp × CN−p ∩BN ,
where β = (β1, . . . βp) ∈ Np and γ = (γ1, . . . , γN−p) ∈ NN−p. It is clear that [ww(i)]γi
is a homogeneous polynomial of w with degree γi. So that F belongs to H
2(BN)
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and
F ◦ ψ(z, w) = (Uz)β [wA⊤w(1)]γ1 · · · [wA⊤w(N − p)]γN−p
= ei(β1θ1+···βpθp)λγ11 · · ·λγN−pN−p zβ[ww(1)]γ1 · · · [ww(N − p)]γN−p
= ei(β1θ1+···βpθp)λγ11 · · ·λγN−pN−p F (z, w).
Thus, for any multi-index α = (β, γ) ∈ NN , ei(β1θ1+···βpθp)λγ11 · · ·λγN−pN−p is an eigenvalue
of Cψ with the eigenvector F . Hence, σ(Cψ) contains the set
⋃
α∈NN
Λαϕ ∪ {0}. If U
has an irrational eigenvalue eiθj , then the set {eikθjλγ11 · · ·λγN−pN−p : k ∈ N} is dense in
the circle |λ1|γ1 · · · |λN−p|γN−p . Note that this set is contained in σ(Cψ) and σ(Cψ)
is closed, it follows that σ(Cψ) contains
⋃
α∈NN
ΛαϕT ∪ {0}.
For another direction, as in the proof of Lemma 5.4 in [4], we need the following
notations. For γ ∈ NN−p, let Hγ be the set of all functions F in H2(BN), which
have the form Fγ(z)w
γ . It is clear that Fγ(z)w
γ and Fβ(z)w
β are orthogonal if
γ 6= β ∈ NN−p. So we have the orthogonal decomposition H2(BN) =
⊕⊥
γ∈NN−p Hγ.
If we set Kn =
⊕⊥
|γ|≥nHγ for any n ≥ 0, then H2(BN ) =
⊕
|γ|<nHγ ⊕ Kn. Write
F = Fγ(z)w
γ , we see that
F ◦ ψ(z, w) = Fγ(Uz)
N−p∏
j=1
(
λjwj +
∑
k>j
aj,kwk
)γj
.
After introducing a natural order on the set NN−p (see [11, p.26] or [4]), if we use this
ordering for the decomposition H2(BN) =
⊕
|γ|<nHγ⊕Kn, then the matrix of Cψ is
upper-triangular. Set ρ(z, w) = (Uz, w), let Tγ and Sγ respectively denote the diag-
onal blocks of Cψ and Cρ corresponding to Hγ , then we have Tγ = λ
γ1
1 · · ·λγN−pN−p Sγ.
Since ρ is an elliptic automorphism of BN , by Theorem 7.6 of [11], the spectrum
of Cρ on H
2(BN) is the closure of all possible products of the eigenvalues of U ,
which denoted by X . If U has an irrational eigenvalue of modulus 1, then X = T.
Applying Lemma 7.17 of [11] or Lemma 5.3 of [4], we get σ(Sγ) ⊂ X and
σ(Cψ) ⊂
⋃
|γ|<n
σ(Tγ) ∪ σ(Cψ|Kn)
⊂
⋃
|γ|<n
λγ11 · · ·λγN−pN−p X ∪ σ(Cψ|Kn).
Since the spectrum of Cψ|Kn must be contained in the disk of radius ||Cψ|Kn||, we
will obtain the desired result if we can show that ||Cψ|Kn|| tends to zero as n tends
to infinity.
Let A = TΣV be a singular value decomposition of A, where T, V are unitary and
Σ is diagonal with the diagonal entries µ1, . . . , µN−p. We see that µ1, . . . , µN−p are
the non-negative square roots of the eigenvalues ofAA∗ and µ = max{µ1, . . . , µN−p} <
1. Set φ1(z, w) = (Uz, V w), ψΣ(z, w) = (z,Σw) and φ2(z, w) = (z, Tw), so that
Cψ = Cφ1CψΣCφ2. Note that φ1 and φ2 are automorphisms of BN , it follows that
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Cφ1 and Cφ2 are invertible on H
2(BN). on the other hand, Kn and K
⊥
n are stabled
by Cφ1 and Cφ2 . Therefore, we only need to calculate that ||CψΣ|Kn|| goes to zero as
n→∞.
Let F =
∑
|γ|≥n
Fγ(z)w
γ ∈ Kn. Composing it by ψΣ, we get
F ◦ ψΣ(z, w) =
∑
|γ|≥n
Fγ(z)(Σw)
γ =
∑
|γ|≥n
µγ11 · · ·µγN−pN−p Fγ(z)wγ .
If we denote ζ = (ζ ′, ζ ′′) ∈ Cp × CN−p ∩ ∂BN , then
||CψΣF ||2 = sup
0<r<1
∫
∂BN
|F ◦ ψΣ(rζ)|2dσ(ζ)
= sup
0<r<1
∑
|γ|≥n
∫
∂BN
|r|γ|µγ11 · · ·µγN−pN−p Fγ(rζ ′)(ζ ′′)γ|2dσ(ζ)
≤
∑
|γ|≥n
µ|γ| sup
0<r<1
∫
∂BN
|Fγ(rζ ′)(rζ ′′)γ|2dσ(ζ) ≤ µn||F ||2.
Here and other places in this paper, we let ||·|| denote the norm ofH2(BN). Applying
µ < 1 to the above inequality and let n go to infinity, we get the desired conclusion.

In the second case, we find that Cnϕ is a compact operator for some positive
integer n, so that the spectrum of Cϕ is easily known.
Theorem 2.3. Let ϕ ∈ LFM(BN) be elliptic, non-automorphism, and let p =
dim LU(ϕ, z0) for its fixed point z0 ∈ BN . If p = 0 and ϕ fixes no boundary point.
Then the spectrum of Cϕ on H
2(BN ) is the set consisting of 0, 1 and all possible
products of the eigenvalues of ϕ′(z0).
Proof. Applying Theorem 2.1, ϕ is conjugated to a linear fractional map ψ of
BN with
σ ◦ ψ = Aσ,
where σ is an one-to-one holomorphic map from BN onto a complex ellipsoid ∆1
and A is a matrix of CN×N with ||A|| < 1. Moreover, in the proof of Theorem 2.1,
we have ψ(0) = 0 and σ(0) = 0.
Let ψn denote the n-th iterate of ψ, then ψn = σ−1Anσ and ψn(0) = 0. We
claim that there exists a positive integer n so that Cψn is compact. Since the set
∆1 = σ(BN ) is compact in C
N and ||A|| < 1, we see that sup{|Anσ(z)| : z ∈ BN}
goes to zero as n tends to infinity. Thus, there exist a positive integer M and a
positive constant r < 1 such that
sup
z∈BN
|σ−1Anσ(z)| ≤ r
holds for all n ≥ M . That is ||ψn||∞ ≤ r < 1 for such n. As we know, a linear
fractional map φ of BN is compact on H
2(BN) if and only if ||φ||∞ < 1. It follows
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that Cψn is compact. Thus, by Theorem 7.2 of [11], the spectrum of Cψn is the set
consisting of 0, 1 and all possible products of the eigenvalues of (ψn)′(0) = ψ′(0)n.
On the other hand, the spectral mapping theorem gives [σ(Cψ)]
n = σ(Cnψ) = σ(Cψn).
Hence, the spectrum of Cψ has the desired structure. 
For the last case in Theorem 2.1, the structure of the spectrum of Cϕ on H
2(BN)
is similar to that in one variable with the symbol fixing a boundary point (see
Theorem A). So we first need to compute the essential spectral radius of Cϕ. For
ζ ∈ ∂BN , we will use the notation
dϕ(ζ) = lim inf
z→ζ
1− |ϕ(z)|
1− |z|
for an analytic map ϕ of BN into itself.
Lemma 2.4. Let ϕ ∈ LFM(BN) be elliptic, non-automorphism, and let p =
dim LU (ϕ, z0) for its fixed point z0 ∈ BN . If p = 0 and ϕ fixes only one boundary
point. Then the essential norm of Cϕ on H
2(BN) satisfies the following inequalities:
lim sup
|z|→1
(
1− |z|2
1− |ϕ(z)|2
)N
2
≤ ||Cϕ||e ≤ C lim sup
|z|→1
(
1− |z|2
1− |ϕ(z)|2
)N
2
for a positive constant C. So the essential spectral radius of Cϕ is
re(Cϕ) = lim
n→∞
(
lim sup
|z|→1
(
1− |z|2
1− |ϕn(z)|2
)N/2) 1
n
.
Proof. Conjugation by a unitary map, we may assume that ϕ fixes 0 and the
boundary point e1. We first claim that |ϕ(ζ)| < 1 for any boundary point ζ 6= e1.
Otherwise, if there exist two boundary points ζ 6= e1 and η such that ϕ(ζ) = η, we
will get a contradiction.
Let L(e1, ζ) = {ce1 + (1 − c)ζ : c ∈ C} ∩ BN denote the one-dimensional affine
subset of BN determined by e1 and ζ and let [e1] denote the slice in BN through 0 and
e1. If η 6= e1, then ϕmaps the slice L(e1, ζ) onto L(e1, η) with a boundary fixed point
e1. When ζ is on the slice [e1], since ϕ(0) = 0, we see that L(e1, ζ) = L(e1, η) = [e1].
Thus, ϕ restricting to [e1] must be identity, which contradicts to p = 0. Otherwise,
assume that τ1 and τ2 are automorphisms of BN fixing e1, and they map [e1] onto
L(e1, ζ) and L(e1, η) onto [e1] respectively, such that the restriction of τ2 ◦ ϕ ◦ τ1
to the slice [e1] is a linear fractional self-map of this disk onto itself with only one
boundary fixed point e1. Moreover, its boundary boundary dilation coefficient at
e1 satisfies α ≥ dϕ(e1). Note that ϕ is an elliptic linear fractional map of BN with
ϕ(0) = 0, which gives dϕ(e1) > 1. Thus, we have α > 1. It is impossible for an
automorphism of the disk with only one boundary fixed point.
If η = e1, we see that ϕ(e1) = ϕ(ζ) = e1 and ϕ maps L(e1, ζ) into a slice S in BN
through e1. Then the restriction of τ2 ◦ ϕ ◦ τ1 to [e1] is a linear fractional self-map
of this disk, where τ1 and τ2 are automorphisms of BN mapping [e1] onto L(e1, ζ)
and S onto [e1] with τ1(e1) = τ2(e1) = e1. Suppose τ1(α) = ζ , then τ2 ◦ϕ ◦ τ1|[e1] is a
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linear factional map of the disk mapping two boundary points e1 and α to e1. So it
is a constant with modulus 1. Therefore, |τ2 ◦ ϕ ◦ τ1(z)| = 1 for any point z ∈ [e1],
that is, |ϕ(z)| = 1 for any z ∈ L(e1, ζ), which contradicts to the fact ϕ(BN ) ⊂ BN .
Thus, we show the claim.
Next, we will estimate the essential norm of Cϕ. Since ||Cϕ||e = ||C∗ϕ||e =
inf{||C∗ϕ − F || : F is compact}, it is easy to see that
||Cϕ||e ≥ lim sup
|z|→1
∣∣∣∣
∣∣∣∣C∗ϕ Kz||Kz||
∣∣∣∣
∣∣∣∣ = lim sup|z|→1
||Kϕ(z)||
||Kz||
= lim sup
|z|→1
(
1− |z|2
1− |ϕ(z)|2
)N/2
,
where ||T ||e denotes the essential norm of a operator T and Kz(w) = 1(1−<z,w>)N is
the reproducing kernel of H2(BN ).
We introduce the pullback measure τϕ on BN defined by τϕ(E) = σ[(ϕ
∗)−1(E)]
for Borel subsets E of BN , where ϕ
∗ denotes the radial limit of ϕ. Then∫
∂BN
f ◦ ϕ∗(ζ)dσ(ζ) =
∫
BN
fdτϕ
for every Borel function f ≥ 0 on BN . Let Iτϕ denote the densely defined inclusion
operator of H2(BN) into L
2(τϕ). Using Theorem 5.1 of [7], we get
||Cϕ||2e = ||Iτϕ ||2e ∼= ||τϕ||e,C,
where the “essential Carleson norm” is defined by
||τϕ||e,C = lim sup
t→0
sup
ζ∈∂BN
τϕ(Ω(ζ, t))
σ(Q(ζ, t))
with Ω(ζ, t) = {z ∈ BN : |1− < z, ζ > | < t} and Q(ζ, t) = Ω(ζ, t) ∩ ∂BN .
Since ϕ(e1) = e1 and ϕ maps any boundary point ζ 6= e1 into BN , this gives
||τϕ||e,C = lim sup
t→0
τϕ(Ω(e1, t))
σ(Q(e1, t))
= lim sup
t→0
σ[(ϕ∗)−1(Ω(e1, t)]
σ(Q(e1, t))
.
Applying similar arguments as for proving ϕ(Q(ζ, t)) ⊂ Ω(η, At) with ϕ(ζ) = η in
Lemma 3.40 of [11], where A is a constant depending on dϕ(ζ), we can calculate
that
||τϕ||e,C = lim sup
t→0
σ[(ϕ∗)−1(Ω(e1, t)]
σ(Q(e1, t))
= lim sup
z→e1
(
1− |z|2
1− |ϕ(z)|2
)N
because of σ(Q(e1, t)) ∼ tN . Therefore,
||Cϕ||2e ≤ C||τϕ||e,C ≤ C lim sup
|z|→1
(
1− |z|2
1− |ϕ(z)|2
)N
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holds for a positive constant C. Note that the essential spectral radius of Cϕ can be
computed by re(Cϕ) = lim
n→∞
||Cnϕ||1/ne = lim
n→∞
||Cϕn||1/ne and we have obtained that
||Cϕn||e ∼= lim sup
|z|→1
(
1− |z|2
1− |ϕn(z)|2
)N/2
.
Thus, we get
re(Cϕ) = lim
n→∞
||Cϕn||1/ne = lim
n→∞
(
lim sup
|z|→1
(
1− |z|2
1− |ϕn(z)|2
)N/2) 1
n
.

Kamowitz [17] was the first to investigate the spectrum of Cϕ on H
2(D) when ϕ
has an interior fixed point a, he proved that σ(Cϕ) = {λ : |λ| ≤ re(Cϕ)} ∪ {ϕ′(a)n :
n = 1, 2, . . .} ∪ {1} if ϕ is analytic in a neighborhood of D, not an inner function.
In [10] Cowen and MacCluer obtained the same spectral structure for Cϕ when ϕ
is univalent, not automorphism, and ϕ(a) = a ∈ BN . From their results one can
easily deduce the spectrum of Cϕ if ϕ is a linear fractional map of D with an interior
and a boundary fixed points (see Theorem A). Moreover, the method of Cowen and
MacCluer was used by many authors to study the spectrum of Cϕ on other spaces
for ϕ in the same case, For example, on H∞(D), the Bloch space and BMOA in one
variable, see [32], [26], [24]; for a generalization on H∞(BE) and H∞(BN) see [13]
and [31], where BE is an open unit ball on a complex Banach space. We will use
same ideas and approaches suggested by the work of Kamowitz and that of Cowen
and MacCluer to obtain the following result.
Theorem 2.5. Let ϕ be the same as in Lemma 2.4. Then the spectrum of Cϕ
on H2(BN ) is
σ(Cϕ) = {λ : |λ| ≤ ρ} ∪ {all possible products of the eigenvalues of ϕ′(z0)} ∪ {1},
where ρ is the essential spectral radius of Cϕ.
As in the proof of Lemma 2.4, we may assume ϕ(0) = 0 and ϕ(e1) = e1. For non-
negative integersm, letHm be the subspace ofH2(BN) spanned by the monomials of
total degree greater than or equal to m, that is, any function f ∈ Hm can be written
as f =
∑
|s|≥m fs, where fs is a homogeneous polynomial of degree s. Obviously,
Hm is invariant for Cϕ. A easy computation shows that the reproducing kernel in
Hm at the point w is
Kmw (z) =
∑
|s|≥m
(N − 1 + s)!
(N − 1)!s! < z,w >
s .
In particular, we have
||Kmw ||2 =
∑
|s|≥m
(N − 1 + s)!
(N − 1)!s! |w|
2s
11
and
C ′N,m|w|m||Kw|| ≤ ||Kmw || ≤ C ′′N,m|w|m||Kw||,
where C ′N,m and C
′′
N,m are positive constants only depending on N and m.
Just as in the disk, our generalization for Proposition 7.32 of [11] to the unit
ball is the following lemma. We only need a similar argument used in computing
the spectrum of a compact composition operator on H2(BN), so the proof will be
omitted.
Lemma 2.6. For ϕ as in Lemma 2.4, the spectrum of Cϕ on H
2(BN) contains
1 and all possible products of the eigenvalues of ϕ′(z0). Moreover, if λ 6= 0 is an
eigenvalue of Cϕ, then λ will be a product of the eigenvalues of ϕ
′(z0).
We say the sequence of points {zk}∞−K is an iteration sequence for ϕ if ϕ(zk) =
zk+1 for k ≥ −K. In the proof of Theorem 2.5, the following fact will be needed.
Lemma D. [10] If ϕ maps the unit ball into itself, ϕ(0) = 0 and ϕ is not unitary
on any slice in BN . Suppose r < 1 is given and {zk}∞−K is any iteration sequence
with |zn| ≤ r. Then there exists c < 1 such that |zk+1||zk| ≤ c for all k ≥ n.
Lemma E. [10] For ϕ in Lemma D and 0 < r < 1. There exists M < ∞ such
that if {zk}∞−K is an iteration sequence with |zl| ≥ r for some l ≥ 0 and if {wk}∞−K
is arbitrary, then there is h in H∞(BN) such that h(zk) = wk for −K ≤ k ≤ l and
||h||∞ ≤M sup{|wk| : −K ≤ k ≤ l}.
Proof of Theorem 2.5. Using Lemma 2.6 and the fact that the spectrum is
closed, it suffices to prove
{λ : |λ| ≤ ρ} ⊂ σ(Cϕ).
Let Cm = Cϕ|Hm and assume 0 < |λ| < ρ. By Lemma 7.17 of [11], if we can show
that λ is in the spectrum of Cm for some positive integer m, then we get the desired
conclusion. So we will try to find a positive integer m such that C∗m − λI is not
bounded from below.
Fixing δ with 0 < δ < 1, suppose we have an iteration sequence {zk}∞−K with
|z0| > δ. Let n = max{k : |zk| ≥ δ}. By Lemma D, we can choose c with
√
δ < c < 1
such that |zk+1| < c|zk| for |zk| <
√
δ. On the other hand, if |zn| >
√
δ > δ, then
|zn+1| < δ <
√
δ|zn| < c|zn|. Thus, we have |zk+1| < c|zk| for all k ≥ n. By
induction, |zk| < ck−n|zn| holds for all k ≥ n.
Now, let’s define Lλ =
∞∑
k=0
λ−(k+1)Kmzk , we will see that Lλ is well defined and it
is bounded. For k > n, |zk| < δ gives that
||Kmzk || ≤ C ′′N,m|zk|m||Kzk|| = C ′′N,m
|zk|m
(1− |zk|)N/2 ≤ C|zk|
m,
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where C is a positive constant depending on N,m and δ. It follows that
∞∑
k=n+1
|λ|−(k+1)||Kmzk|| ≤ C
∞∑
k=n+1
|zk|m
|λ|k+1 ≤ C
|zn|m
|λ|n+1
∞∑
k=n+1
(
cm
|λ|
)k−n
.
Since c < 1, if we choose m so large that cm < |λ|, then the series defining Lλ
converges.
Next, we will estimate ||(C∗m− λI)Lλ||/||Lλ||. Since Hm is invariant for Cϕ, it is
easy to see C∗ϕK
m
w = K
m
ϕ(w) and so
(C∗m − λI)Lλ = (C∗m − λI)
∞∑
k=0
λ−(k+1)Kmzk =
∞∑
k=0
(
λ−(k+1)Kmϕ(zk) − λ−kKmzk
)
=
∞∑
k=0
(
λ−(k+1)Kmzk+1 − λ−kKmzk
)
= −Kmz0 .
This means ||(C∗m − λI)Lλ|| = ||Kmz0 ||. It remains to give a lower bound for ||Lλ||.
Choose an m-homogenous polynomial P (z) on BN satisfying ||P ||∞ = 1 and
|P (zn)| = |zn|m. It is clear that |P (z)/|z|m| = |P (z/|z|)| ≤ 1 for any z ∈ BN , which
gives |P (z)| ≤ |z|m. Applying Lemma E to the iteration sequence {zk}∞−K , there
is a function g ∈ H∞(BN) such that ||g||∞ ≤ M , g(zk) = 0 for 0 ≤ k < n, and
g(zn) = 1. For f =
Pg
(1−<z,zn>)N , we obtain
< Lλ, f >=
〈 ∞∑
k=0
λ−(k+1)Kmzk , f
〉
= λ−(n+1)f(zn) +
∞∑
k=n+1
λ−(k+1)f(zk).
Note that |zk| < δ for k > n, so |1− < zk, zn > |N ≥ (1− |zk|)N ≥ C(δ). Choose m
large enough so that cm/|λ| < 1
2N+2M
, we calculate that∣∣∣∣
∞∑
k=n+1
λ−(k+1)f(zk)
∣∣∣∣ =
∣∣∣∣
∞∑
k=n+1
1
λk+1
P (zk)g(zk)
(1− < zk, zn >)N
∣∣∣∣ ≤
∞∑
k=n+1
|P (zk)g(zk)|
|λ|k+1|1− < zk, zn > |N
≤
∞∑
k=n+1
M |zk|m
|λ|k+1|1− < zk, zn > |N ≤
M |zn|m
C(δ)|λ|n+1
∞∑
k=n+1
(
cm
|λ|
)k−n
≤ |zn|
m
2N+1C(δ)|λ|n+1 .
Therefore,
| < Lλ, f > | ≥
∣∣∣∣λ−(n+1)f(zn)
∣∣∣∣−
∣∣∣∣
∞∑
k=n+1
λ−(k+1)f(zk)
∣∣∣∣
≥ 1
2
|P (zn)g(zn)|
|λ|n+1(1− |zn|2)N +
1
2
|P (zn)g(zn)|
|λ|n+1(1− |zn|2)N −
|zn|m
2N+1C(δ)|λ|n+1
=
|zn|m
2|λ|n+1
1
(1− |zn|2)N +
|zn|m
2|λ|n+1
1
(1− |zn|2)N −
|zn|m
2N+1C(δ)|λ|n+1
≥ |zn|
m
2|λ|n+1
1
(1− |zn|2)N ,
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where we have used the fact that |zn| ≥ δ gives (1− |zn|2)N ≤ 2NC(δ) to obtain the
third inequality. Since
||f || =
∣∣∣∣
∣∣∣∣ Pg(1− < z, zn >)N
∣∣∣∣
∣∣∣∣ ≤ M(1− |zn|2)N/2 ,
we deduce that
||Lλ|| ≥ | < Lλ, f > |||f || ≥
|zn|m
2|λ|n+1
1
(1−|zn|2)N
M
(1−|zn|2)N/2
=
|zn|m
2M |λ|n+1
1
(1− |zn|2)N/2 =
|zn|m||Kzn||
2M |λ|n+1
≥ ||K
m
zn||
2MC ′N,m|λ|n+1
.
Hence,
||(C∗m − λI)Lλ||
||Lλ|| ≤
2MC ′N,m|λ|n+1||Kmz0 ||
||Kmzn||
.
When m is fixed, we see that ||Kmw || ≤ ||Kw|| ≤ ||Kmw ||+ Cm for all w ∈ BN , which
gives
||Kmϕn(w)||
||Kmw ||
≈ ||Kϕn(w)||||Kw|| .
On the other hand, by Lemma 2.4, the essential spectral radius of Cϕ is
ρ = lim
n→∞
(
lim sup
|w|→1
(
1− |w|2
1− |ϕn(w)|2
)N/2) 1
n
= lim
n→∞
(
lim sup
|w|→1
||Kϕn(w)||
||Kw||
) 1
n
.
The above arguments show that
ρ = lim
n→∞
(
lim sup
|w|→1
||Kmϕn(w)||
||Kmw ||
) 1
n
.
Since ρ > 0, we have lim sup
|w|→1
||Kmϕn(w)|| = ∞ for every n. Thus, for any positive
integer n, there exist points w near ∂BN such that |ϕn(w)| > δ. Moreover, there
exists ρ′ with |λ| < ρ′ < ρ such that
||Kmϕn(w)||
||Kmw ||
≥ (ρ′)n.
Let z0 = w and zk+1 = ϕ(zk) for k ≥ 0. It is clear that the iteration sequence {zk}∞0
satisfies |z0| > |zn| > δ. Consequently, for this iteration sequence, we obtain
||(C∗m − λI)Lλ||
||Lλ|| =
||(C∗m − λI)
∑∞
k=0 λ
−(k+1)Kmzk ||
||∑∞k=0 λ−(k+1)Kmzk ||
≤ 2MC
′
N,m|λ|n+1||Kmz0 ||
||Kmzn||
≤ 2MC ′N,m|λ|
( |λ|
ρ′
)n
.
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Note that |λ| < ρ′, we may form iteration sequences for which n is sufficiently large,
so that the above inequality is sufficiently small. This forces that C∗m − λI is not
bounded below. Hence, C∗m−λI is not invertible and so we complete the proof. 
3 Spectra of hyperbolic composition operators
Let ϕ be a hyperbolic linear fractional self-map of BN , it may have one or two
boundary fixed points. This implies that the associated composition operator Cϕ
may have different characterization for its spectrum on H2(BN ). First, we will find
a conjugated form of ϕ on the Siegel half-plane for each case.
Recall that the unit ball BN is biholomorphic to the Siegel half-plane HN =
{(z, w) ∈ C× CN−1 : Re z > |w|2} via the Cayley transform σC defined by
σC(z, w) =
(
1 + z
1− z ,
w
1− z
)
, (z, w) ∈ C× CN−1.
It extends to a homeomorphism of BN onto HN ∪ ∂HN ∪ {∞}, the one-point com-
pactification of HN . Its reciprocal is given by
σ−1C (z, w) =
(
z − 1
z + 1
,
2w
z + 1
)
.
Let ϕ be a linear fractional map of BN with Denjoy-Wollf point e1 and boundary
dilatation coefficient α. Applying Proposition 4.2 of [6], ϕ is conjugated to a map
ψ on HN with the form
ψ(z, w) =
1
α
(z+ < w, b > +c, Aw + d), (z, w) ∈ HN ,
where c ∈ C, b, d ∈ CN−1 and A ∈ C(N−1)×(N−1), which satisfy αRe c ≥ |d|2 and
||A|| ≤ √α. If ϕ is hyperbolic, then α < 1. Combining this with ||A∗|| = ||A|| ≤√
α < 1, we see that A∗− I is invertible. Thus, there exists a vector k1 ∈ CN−1 such
that b = 2(A∗ − I)k1. Consider the following Heisenberg transformation
η(z, w) = (z + 2 < w, k1 > +k2, w + k1), (z, w) ∈ HN ,
with Re k2 = |k1|2, it is an automorphism of HN . Conjugating ψ by η, we obtain
φ(z, w) = η−1 ◦ ψ ◦ η(z, w) = 1
α
(z + c′, Aw + d′), (z, w) ∈ HN ,
where c′ ∈ C, d′ ∈ CN−1 and αRe c′ ≥ |d′|2. If c′ = c1 + ic2 with c1, c2 ∈ R, let
ν(z, w) = (z − ic2
1−α , w), then ν is an automorphism of HN and
ν−1 ◦ φ ◦ ν(z, w) = 1
α
(z + c1, Aw + d
′), (z, w) ∈ HN ,
with αc1 ≥ |d′|2. Thus, we may assume c′ ∈ R.
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Therefore, similar to the classification of semi-group of hyperbolic linear frac-
tional self-maps of BN in [6], we have the following result.
Proposition 3.1. Let ϕ is a hyperbolic linear fractional self-map of BN with the
boundary dilatation coefficient α.
(i) If ϕ fixes only one boundary point, then ϕ is conjugated to a map φ of the
form
φ(z, w) =
1
α
(z + c, Aw + d), (z, w) ∈ HN ,
where c ∈ R, d ∈ CN−1 with αc ≥ |d|2 and A ∈ C(N−1)×(N−1) satisfying ||A|| ≤ √α.
(ii) If ϕ fixes two boundary points, then ϕ is conjugated to a map φ of the form
φ(z, w) = (
z
α
,
Aw√
α
), (z, w) ∈ HN ,
where A is a matrix of order N − 1 with ||A|| ≤ 1.
Proof. The previous arguments give that ϕ is conjugated to a map on the Siegel
half-plane HN with the form
φ(z, w) =
1
α
(z + c, Aw + d),
where c ∈ R with αc ≥ |d|2 and ||A|| ≤ √α. If ϕ fixes only one boundary point,
then c 6= 0. To see this, we may assume c = 0. It is clear that d = 0 from |d|2 ≤ αc.
A calculation shows that the conjugate map φ of ϕ fixes two boundary points 0 and
∞. So ϕ must have two boundary fixed points and we get a contradiction.
If ϕ has two boundary fixed points, so is its conjugate map φ. Let (z, w) ∈ ∂HN
be another fixed point of φ different from its Denjoy-Wollf point. We see that
Re z = |w|2, z+c = αz and Aw+d = αw. Since c ∈ R and α < 1, then c = (α−1)z
gives c ≤ 0. On the other hand, we have αc ≥ |d|2 ≥ 0. Thus, c = d = 0 and so the
conjugate map φ of ϕ has the form
φ(z, w) =
1
α
(z, Aw) = (
z
α
,
A′w√
α
)
with ||A′|| = || 1√
α
A|| ≤ 1. 
Now, we will compute the spectra of hyperbolic composition operators onH2(BN).
For the case ϕ fixing only one boundary point, we need the technique used in deter-
mining the spectra of composition operators on some weighted Hardy spaces, whose
symbols are hyperbolic automorphisms of BN (see Theorem 7.7 of [11]). Moreover,
the spectrum of Cϕ has similar properties as that in the disk. This result has been
obtained on some weighted Hardy spaces in the first author’s doctoral thesis [19].
Theorem 3.2. Let ϕ ∈ LFM(BN) be hyperbolic, non-automorphism. If ϕ has only
one boundary fixed point with the boundary dilatation coefficient α. Then the spec-
trum and the essential spectrum of Cϕ on H
2(BN ) are the closed disk |λ| ≤ α−N/2.
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Moreover, every point in the disk |λ| < α−N/2 is an eigenvalue of Cϕ of infinite
multiplicity.
Proof. Proposition 3.1 tells us that ϕ is conjugated to a map
φ(z, w) =
1
α
(z + c, Aw + d), (z, w) ∈ HN ,
with αc ≥ |d|2 and ||A|| ≤ √α. Transferring back to the unit ball by the Cayley
transform σC , we have
ψ(z, w) = σ−1C ◦ φ ◦ σC(z, w)
=
(
1 + c− λ+ (1− c+ λ)z
1 + c+ λ+ (1− c− λ)z ,
2Aw + 2(1− z)d
1 + c+ λ+ (1− c− λ)z
)
, (z, w) ∈ BN .
Next, we will determine the spectrum of Cψ. We first prove that each point in
the disk |λ| < α−N/2 is an eigenvalue of Cψ of infinite multiplicity. For z ∈ D, define
ψ˜1(z) =
1 + c− λ + (1− c+ λ)z
1 + c+ λ+ (1− c− λ)z
and set
β˜(k)2 =
(N − 1)!k!
(N − 1 + k)! , k = 1, 2, . . . .
If we set β̂(k)2 = (N−1)!(k+1)1−N , then β̂(k)2 ≥ β˜(k)2 and H2(β̂, D) ⊂ H2(β˜, D),
where H2(β˜, D) and H2(β̂, D) respectively denote the weighted Hardy spaces with
the weights β˜ and β̂, see Section 4 for their definitions.
Since c > 0, the linear fractional self-map ψ˜1 of D fixes one boundary point 1 and
the other point z0 =
c+1−λ
c−1+λ with |z0| > 1. In Theorem 8 of [16], Hurst has investigated
the spectrum of Cψ˜1 on the weighted Hardy space H
2(β,D) with the weight β(k) =
(k + 1)α (α ≤ 0), and proved that each point of the disk |λ| < (ψ˜1)′(1)(2α−1)/2 is an
eigenvalue of Cψ˜1 of infinite multiplicity. It is clear that 1−N ≤ 0. Therefore, using
Hurst’s result, if λ is in the disk |λ| < (ψ˜1)′(1)−N/2, we may find infinitely many
linearly independent functions f in H2(β̂, D) ⊂ H2(β˜, D) such that f ◦ψ˜1 = λf . For
(z, w) ∈ BN , define the extension operator by Ef(z, w) = f(z), by Proposition 2.21
of [11], E is an isometry of H2(β˜, D) into H2(BN). Note that ψ˜1(z) = ψ1(z, w) and
(ψ˜1)
′(1) = α, where ψ1 is the first coordinate of ψ. Thus, we have Ef ∈ H2(BN)
and
Ef ◦ ψ(z, w) = Ef(ψ1(z, w), . . . , ψN(z, w)) = f ◦ ψ1(z, w)
= f ◦ ψ˜1(z) = λf(z) = λEf(z, w).
This shows that λ is an eigenvalue of Cψ on H
2(BN) of infinite multiplicity.
By Theorem C, we see that the spectral radius of Cψ is α
−N/2. Hence, the
spectrum of Cψ is contained in the disk |λ| ≤ α−N/2. Since the essential spectrum
17
is contained in the spectrum and contains all eigenvalues of infinite multiplicity, we
obtain the desired conclusion. 
Finally, when a hyperbolic linear fractional map ϕ fixes two boundary points,
the first author [19] has proved that each point of the annulus αN/2 < |λ| < α−N/2 is
an eigenvalue of Cϕ on H
2(BN) of infinite multiplicity, and its spectrum is contained
in the disk |λ| ≤ α−N/2. Applying a different approach, Jury [23] obtained the same
result. Recently, the spectrum of Cϕ has been determined by Xu and Deng [30], the
main idea also comes from Bayart [4]. By Theorem 3.1, we see that ϕ is conjugated to
a map on HN with the form φ(z, w) = (
z
α
, Aw√
α
), then the spectrum of Cϕ is as follows.
Theorem F. Let ϕ ∈ LFM(BN) be hyperbolic, non-automorphism. If ϕ fixes two
boundary points with the boundary dilation coefficient α, then the spectrum of Cϕ
on H2(BN ) is
σ(Cϕ) =
⋃
β∈NN−1
ΛβS ∪ {0},
where Λβ denotes λβ11 · · ·λβN−1N−1 with λ1, . . . , λN−1 the eigenvalues of A and S is the
annulus {λ : αN/2 < |λ| < α−N/2}.
4 Concluding remarks
Now, the spectra of all linear fractional composition operators on H2(BN) have
been completely determined. Moreover, some works are adapted to other spaces,
for example, the spectra of parabolic composition operators have been generalized
to weighted Bergman spaces by Bayart [4].
Let’s recall that the weighted Bergman space A2α(BN) is the space of all analytic
functions f in BN such that
||f ||2A2α =
∫
BN
|f(z)|2(1− |z|2)αdv(z) <∞
for α > −1. For the notational conveniences, we set A2−1(BN) = H2(BN ). Let
f(z) =
∑∞
k=0 fk(z) be the homogeneous expansion of f . For s ≥ 0, the fractional
derivative of f order s is defined by
Rsf(z) =
∞∑
k=1
ksfk(z).
Thus, for α ≥ −1 and s ≥ 0, the holomorphic Sobolev space A2α,s is defined as
A2α,s(BN ) = {f ∈ H(BN) : Rsf ∈ A2α(BN )}
with the norm ||f ||A2α,s = ||Rsf ||A2α + |f(0)|. Koo and Park [18] proved that Cϕ is
bounded on A2α,s(BN) if and only if ϕ satisfies Wogen’s condition for ϕ ∈ Cs+4(BN).
As we know, any linear fractional self-map of BN satisfies Wogen’s condition (see
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[12]). This implies that all linear fractional composition operators are bounded on
A2α,s(BN).
Let H2(β,BN) be the weighted Hardy space with the weight β(k) = (k + 1)
v,
where ν is a real number. Its norm is given by
||f ||2H2(β) =
∞∑
0
||fk||2β(k)2.
It will be convenient to work with an equivalent norm on H2(β,BN), the following
lemma is a generalization of Lemma 1.2 in [14] to the unit ball.
Lemma 4.1. Suppose that ν is a real number and s ≥ 0 is an integer such that
s ≥ ν. Then the norm of the weighted Hardy space H2(β,BN) with the weight
β(k) = (k + 1)v is equivalent to the norm of the Sobolev space A22s−2ν−1,s.
Proof. Let f =
∑∞
k=0 fk(z) =
∑∞
k=0
∑
|α|=k aαz
α be in H2(β,BN). We compute
that
||Rsf ||2A2c =
∫
BN
∣∣∣∣
∞∑
k=1
∑
|α|=k
ksaαz
α
∣∣∣∣2(1− |z|2)cdv(z)
=
∞∑
k=1
∑
|α|=k
k2s|aα|2
∫ 1
0
r2k(1− r2)crdr
∫
∂BN
|ζα|2dσ(ζ)
=
∞∑
k=1
∑
|α|=k
k2s|aα|2 (N − 1)!α!
(N − 1 + k)! ·
c!k!
(c+ k + 1)!
,
which is equivalent to
∞∑
k=1
∑
|α|=k
|aα|2 (N − 1)!α!
(N − 1 + k)! · k
2s−c−1
according to Stirling’s formula. On the other hand, we have
||f ||2H2(β) =
∞∑
k=0
||fk||2(k + 1)2ν =
∞∑
k=0
∑
|α|=k
|aα|2 (N − 1)!α!
(N − 1 + k)! · (k + 1)
2ν .
Note that ||f ||A2c,s = ||Rsf ||A2c+|f(0)|. If 2s−c−1 = 2ν and s ≥ ν, i.e. c = 2s−2ν−1
with c ≥ −1, then the norm of the weighted Hardy space H2(β,BN) is comparable
with that of the Sobolev space A22s−2ν−1,s. 
Thus, using Lemma 4.1, we have the following result for weighted Hardy spaces.
Proposition 4.2. Let ϕ be a linear fractional self-map of BN . Then Cϕ is bounded
on the weighted Hardy space H2(β,BN) with the weight β(k) = (k + 1)
v, where ν is
a real number.
Therefore, if we can calculate the spectral radii of linear fractional composition
operators on H2(β,BN) with the weight β(k) = (k + 1)
v, one subject of this topic
shall be to characterize the spectra of these composition operators.
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